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A Heisenberg S=3/2 ferromagnet with isotropic biquadratic exchange and dipole-octupol
coupling is discussed. The conditions for the exact ferromagnetic ground state are derived. The
thermodynamical behaviour in the molecular field approximation is discussed. Collective excita-
tion spectra and the 1/z correction to the free energy are found.

I. Infroduction

Hamiltonians with higher order couplings play
an important role in the description of magnetic
compounds. These couplings are important in such
substances as: MnAs, UOg, UP, TbSb, rare earth
vanadates and phosphates.

The origin of such couplings may be of a different
nature: superexchange interactions, magnetostric-
tion, phonon exchange between ions, description in
terms of the lowest-lying levels [1]. In some cases,
the higher order couplings can be larger than the
bilinear ones. Such terms have been taken into
account in numerous papers [2], [3], [4], [5]. The
main stress however is laid on quadrupolar bi-
quadratic exchange interactions.

Téru Moriya [6], extending the theory of super-
exchange interaction to include spin-orbit coupling,
gets in the fourth order of perturbation theory an
effective spin Hamiltonian in which, in addition to
biquadratic exchange there appears a term linear
in one spin variable and of the third order in the
other. This term is as important as the biquadratic
one. Such an interaction is not trivial for S = 3/2.

The dipole-octupol interaction was introduced
first by Bleaney in [7] for the description of the
hyperfine structure of I's ions in cubic symmetry.

We will consider a more general, spin preserving
form of the dipole-octupol interaction:

Z Vi3(8:8;) (S3Zi) (S;85) - (1.1)
)

C is a constant vector. The last two factors in (1.1)
are equivalent to (S8%)2. As can be seen it is a dipole-
octupol interaction of an easy axis type.
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II. Ground State

The system of localized spins we assume to be
described by the Hamiltonian

H=—guH: zsz (1/2) z.rwsis,
—(1/2) Z I3(8:8y)? (2.1)
—(1/2) ZI”(SfSI) (850) (850) = Zﬂa

The first term reﬂects the interaction of the
system with the external magnetic field, the second
and third are Heisenberg and biquadratic ex-
changes, respectively, the last is dipol-octupol
coupling. We should note that the second and third
terms in [1] have full rotational symmetry, so the
ferromagnetic ground state requires I3 > 0. In the
other case easy plane ordering will be favorized.

Making no further assumptions about the mag-
nitudes of the coupling parameters we shall try to
extablish the relations between them through the
conditions under which the system is ground state
ferromagnetic. We shall follow the procedure given
in [4].

Let us consider a pair of the nearest neighbours,
since

i+ 8= (1/2)S(Sz+ 1) — S(S +1). (2.2)

St=total spin of any pair of the nearest neigh-
bours, S = one site spin. The expectation value  of
8 - 8; varies from — S(S+1) to 82 (Sp=28).

Let us consider two situations:

>0 then

uS(S+ 1) = B[SiS;(SH2) = (1/4)u, (2.3)
and

u<<0 then

uS(8+1) < E[Si8;(S)A < (1/d)u,  (24)

where E[z] is the expectation value of z.
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With these relations, the expectation value of
Hy; can be written as
— (1/2) ITu — (1/2) I w2

— (1/2) I u(1]4). (2.5)

The ferromagnetic ground state minimizes the
expectation value of (2.5) if:
1
282
IiS(S+1)+ 17 =0. (2.6,7)
If the conditions (2.6, 7) are fulfilled then the

system is ground state ferromagnetic. The condi-
tions (2.6) are sufficient but not necessary.

(IFS(S + 1) + 1) < If;

III. Thermodynamical Behaviour

In the following, we shall limit ourselves to the
S§=3/2 case in the ferromagnetic ground state.
With the help of the generalized molecular field
approximation (MFA), see [4], we calculate the free
energy of the system.

We choose a trial density matrix p¢, which satis-
fies the following conditions:

a) It is factorized.

b) It is translationally invariant.

c¢) It is invariant under rotations around the “Z”
axis.

For details see [4].

Minimizing the free energy of the system in MFA
with respect to all variational parameters, we get
the form of t the free energy in MFA as

Fo=U—T-8=Tr{o¢ H}
—T-8{oi}.
With the trial density matrix g fulfilling the as-

sumptions a—c we get the expression for the free
energy per spin

U= —(1/2) (I — (1/2) Is) m?
— (1/2) I2((1/2) (15/4 — 2)? + 2?)

(3.1)

— (1/2) Ismw, 3.2)
where
Iy = ZIZZ’ m = {82),
=852 =1/3)S(8 +1)+ v,
w = ((82)8 . (3-3)
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The three order parameters m, z, w are only
those which should be considered; the other ones
can be expressed in MFA by those three. MFA
analysis of a system with octupolar ordering,
arising, however, from the other type of interaction,
has been done by Sivardiere in [8].

The entropy may be written as

So= — me,,ln(pm,,) s

Msy

(3.4)

mgi are the eigenvalues of Sz, p,, are the probabili-
ties that the state with S =my; is occupied.

M= PyMsi, T= D P, (Msi)?,
Msi Mst

w= Z pm“(msi)3 ’ zpmn =1. (3.5)
Msy Mst

The p,,, are given by the following equations:
P32 =ps= (122 — 3 — 2m 4 8w)/[48, (3.6)
p-3z=p1= (122 —3 + 2m — 8w)/48,
P12 = P2 = (27 — 122 — 24w + 54m)[48,
po12=p3= (27T — 122 + 24w — 54m)[48.
Minimizing (3.1) with respect to m, z, w, we get
OFy/om = — (11 — (1/2) Ie)m — (1)2) Isw
+ (1/24) T In(p1/pa)
+ (9/8) T'In(pz/ps) = 0,
0Fo/ox = — (1/2) I (32 — 15/4)
+ (1/4) T In(p1 pa/p2ps) =0,
OFo/ow = — (1/2) I3w + (1/6) T In (pa/p1)
+ (1/2) T In(ps/p2) = 0. 3.7)
Any group (m, z, w) of solutions of (3.7) is associated
with a different phase. The spin system at any
temperature chooses the phase which has the lowest
free energy.

In the region where only x ==0, a solution of (3.7)
takes the form (3.8)

2y =25/4 and x3 =tanh((3/2)I2y) + 5/4.

The solutions of (3.7) are plotted in Figures 1a—
1c. From (3.7) it results that a phase with m=0
x, w=0 cannot be relized, i.e. octupolar ordering
appears at the Curie temperature. The disordered
phase is stable for 7'>max {7, T, T's}, where

Ty =(— B+ (B2 + I3 4)12)[24,

B= —(82/18) I3 — (10/9) (2 I — I2),

T2 = (3/2)Is, T3=(36/730)(21y — I3),

A =16/9. (3.9)
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Figs. 1a—1c. Temperature dependence of order the param-
eters m, y, w for various values of parameters (I3/12, I3/I2)
a: (0.8, 0.8), B: (1, 2), y: (2.5, 1), 6: (5, 1).

If To>T,, T3, the half ordered phase (m=w=0,
2 =5[4) can appear. The phase diagrams for a few
values of coupling parameters are plotted in Figure
i1d. For I;/Is<1.5 quadrupolar ordering with
m =0 can be realized.

5
I

5

Fig. 1d. Phase diagrams in the I3/Iz, T/I; plane for
various values of the ratio I;/I2, a=1.3, f=1.5, y=3.0.

IV. Elementary Excitations

Let us write the Hamiltonian (2.1) in the form

H = Ho + Hjnt + Ko, (4.1)
where Hj is the MFA Hamiltonian
Ho=—y1 > 8 —y2 ;(35)2

—Ys3 :Z (893, (4.2)

y1=guH?+ (I — (1/2) Is)m + (1/2) Izw,
y2=(3/2) Iy, ys = (1/2) I3m. (4.3)

Hiyn¢ describes the effective interaction between
ions. When we use the Racah operators, it takes the
form

Hipg = — (1/4) 2 I7 — 19 -1/2)(828% + S 8;7)
—(1/8) 2 I§ (LY, L

— (3/4) ZI (8785)2
— (1/8) Z I3 (83(85)3 4 (89)355)
1+ 8i L)
+ece= Z Ve Li, L6,

jafyd

by + LisLh_5)

— (1/8) Z IY(Si Li_
(4.4)

where
Sz =82 — <82y, (82)2 = (8%)2 — ((89)2),
(82)3 = (82)3 — {(8%)3),
Loy = 8+82 4 828+, Lgs = (8%)2,

Ls1 = (82)28* + 8*(82)2. (4.5)
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Green’s functions of the Racah operaters are de-
fined as

Kaﬁyd w) J'e—fmt {<TL Lz,d(T)>0

- <Laﬁ>0<Ly6>o} dr,
where T is time ordering operator. With the help
of these Greens functions we can write down the

equation for energies of elementary excitations. For
details see [9].

det 1 — 7 Ro| = 0.

(4.6)

(4.7

V and K are given by (4.4) and (4.6), respectively.
The elements of this matrix are numbered by
multiindices (xf), (v9d). The magnon solutions of
(4.7) are equivalent to solutions of the equation

(twpB+Biw)?2+Cio+ D=0 (4.8)

with coefficients B, C, D given in Appendix I. The
energies of quadrupolar AS?=2 excitations are
given by formulae

eq,5 = (1/2) (41 £ 4] — 445),
Ay=E,+E;—E3— Ey
— (1/8) Iz (k) (4 + @s) »
Az = (E1— E3)(Ez — Ey)
— (1/8) Iz (k) [pa(E1 — Es3)

+ @5(E2 — E4)],
where the E; are eigenvalues of (4.2). The ¢; are
given in Appendix I. The solutions of (4.7) are
plotted in Figure 2.

The 1/z (z-number of effectively interacting ions)

correction to the free energy is given by the expres-
sion

(4.9)

(4.10)

——— o — — —— ]
b e e e e e

a5 1 -

Fig. 2. Collective spectra for the sc lattice along the 001
direction calculated from (4.7) for Iy/Is=10, I3/I3=0.5.
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[Te
F=T|NSh-5—
. Hexp(—ﬂE,)—l

=1
+ T/NZ In(det|1 — V K|).

exp(— fe) —1

(4.11)

The E; are given by (AL2). V and K are 11 x 11
matrices with elements defined by (4.4) and (4.6),
respectively.

Summary

The higher interactions bring about that multi-
polar order parameters must be considered. From
(3.7) it appears that octupolar ordering appears
together with the dipolar one. Quadrupolar ordering
may appear before the dipolar one if the respective
transition temperature is higher than the Curie
temperature, which depends the on relations be-
tween the coupling parameters.

In the 1/z approximation the collective excita-
tion spectra of ferromagnet are found, similary as
the 1/z correction to the free energy. Three of the
elementary excitations are transitions with Sz=1,
the other two are quadrons. The quadrupolar mode
is almost of constant energy similary as in the S=1
case (see e.g. [10]). The dependence of the energy of
the spectra on the coupling parameters is presented
in the Appendix.

Appendix I
Let’s define first auxilary values

1
=0 [exp(— B Ei) — exp(— B Ei1)],

i=1,2,3,
1
Pi="0 [exp(— B E;) — exp(— B Eis2)],
i=1,2, (AL1)
Qo="Tre ?8  Fi=E;— Ei,
i=1,2,3, (AL2)

1= (1/4)[35/8 Is(k
Tp = a1 — I3(k),
T3 = (1/8)[(I1(k) — (1/8) I2(k)) I3 (k) — (11 (k)
— (1/2) Iz (k)) I2(K)],
Ty = (1/8) Iz (k)
- [(35/8) I3(k) — (I1(k) — (1/2) I2(R)],
x5 = (1/4) I1(k) Iz (k) I3(k) . (AL3)

) — I1(k) + (1/2) I2(K)],
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Using these values we can write the coefficients in
(4.8). E; are the eigenvalues of (4.2).

B =B+ By + B3 + #191(E2 + E3)
+ T2¢2,

C=FE\Es+ E\Es + ExEs
+ &1 ¢1(E2 + Es) + &202(F1 + E3)
+ Z3p3(B1 + Es) + Tz g1 g2
+ Za @13 + T3 @293,

(AL4)

(AL5)

[1] P. W. Anderson, Phys. Rev. 115, 2 (1959). — E. A.
Harris, J. Owen, Phys. Rev. Lett. 11, 9 (1963). —
J. K. Kjems, G. Shirane, R. J. Birgennau, and L. G.
Van Uitret, Phys. Rev. Lett. 81, 1300 (1973). — R. J.
Elliot and M. F. Thorpe, J. Appl. Phys. 39, 802 (1968).

[2] M. Blume and Y. Y. Hsieh, J. Appl. Phys. 40, 1249
(1969).

[3] J. Sivardiere and M. Blume, Phys. Rev. B3, 1126
(1972).

[4] M. Nauciel-Bloch, G.Sarma, and A. Castets, Phys.
Rev. B5, 4603 (1972).

D=E By B3+ &, g1 Es B3 + 2o B B3
+ Z1 @3B By + Z3pa g3 B3
+ Zapa @3Bz + F3 2 p3 By

+ Z5p1p203. (ALS)

Acknowledgements

I wish to express my appreciation of the valuable
help offered by Prof. K. Walasek.

[5] J. Sivardiere, A.N. Berker, and M. Wortis, Phys.
Rev. B7, 343 (1973).

[6] Toru Moriya, Phys. Rev. 120, 90 (1960). — Toru
Moriya in ‘“Magnetism”, edited by G.T.Rado and
H. Suhl, Academic Press, New York 1963, Vol. 1.

[7] S. Bleaney, Proc. Phys. Soc. 73, 939 (1959).

[8] J. Sivardiere, J. Phys. Sol. 84, 267 (1973).

[9] Y. Izyumov, F. A. Kassan-Ogly, and Y. N. Skryabin,
Field Methods in Theory of Ferromagnetism, Nauka,
Moscow 1974.

[10] R. Micnas, J. Phys. C 9, 3307 (1976).



